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We investigate the transmission of electrons between conducting nanoribbon leads oriented at multiples of
60° with respect to one another, connected either directly or through graphene polygons. A mode-matching
analysis suggests that the transmission at low energies is sensitive to the precise way in which the ribbons are
joined. Most strikingly, we find that armchair leads forming 120° angles can support either a large transmission
or a highly suppressed transmission, depending on the specific geometry. Tight-binding calculations demon-
strate the effects in detail and are also used to study transmission at higher energies as well as for zigzag ribbon
leads.
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I. INTRODUCTION

Graphene, a two-dimensional honeycomb lattice of car-
bon, is one of the most interesting new low-dimensional ma-
terials to have become available in the laboratory in the last
few years.1 When undoped, the low-energy physics of this
system is dominated by two Dirac points.2 The wave func-
tions associated with states near them are described by
spinors, whose amplitudes represent the probability density
to find electrons on either of the two honeycomb sublattices.
Because the fermion spectrum is gapless, these spinors have
well-defined helicity, leading to an absence of backscattering
from impurities.3,4 The observed metallic behavior of un-
doped graphene is likely to be a manifestation of this sup-
pressed backscattering.1

Among the interesting and potentially useful properties of
graphene is the prospect of “tailoring” its electronic proper-
ties by cutting it into ribbons of well-defined widths along
various symmetry directions.2,5–7 Recent experimental
work8–10 has confirmed the possibility of tuning transport
gaps of graphene ribbons via their widths, although the qual-
ity of these ribbons is not yet high enough to be usefully
compared with the expected5 width dependence of ideal rib-
bons. In applications one generically needs to join such rib-
bons together as interconnecting wires or elements of a de-
vice. Understanding the transport through such junctions is
then important in designing graphene geometries with desir-
able behaviors. This is the subject of our study.

Changing the direction of electron currents would pre-
sumably be an important aspect of any graphene-based cir-
cuit. In both quantum wires and electromagnetic waveguides
it is known11 that the transmission through bends depends on
the detailed nature of the bend geometry. This raises the
prospect that the conductive behavior of a graphene junction
may differ substantially from the properties of its individual
nanoribbon leads.

In the simplest situation, the nanoribbon leads meeting at
a junction are of the same type �armchair or zigzag�, restrict-
ing the bend angles to either 60° or 120°. The latter case is
particularly interesting due to the behavior of the low-energy
states near the Dirac points under 60° rotation. These states

may be constructed, within the k ·p approximation, from
products of the exact wave functions at the Dirac points,
which vary rapidly in real space, with slowly varying enve-
lope functions.3 The rotation induces a transformation on the
fast component of the wave function which exchanges both
the valleys and the sublattices. As a result, states near the
Dirac points are nearly orthogonal to their 60° rotation in a
confined geometry. Since a ribbon with a 120° junction may
be viewed as 60° deflection of the electron trajectory, one
might expect a generically suppressed transmission through
120° bends.

Our studies show that, while this naïve reasoning is some-
times borne out, in general the transmission through such
bends is not universal and depends critically on the details of
the junction. In this paper, we focus on geometries in which
120° bends in armchair nanoribbons are realized either by a
“kink,” or by attachment to triangular or hexagonal central
regions. We focus mostly on the energy region �EF��Ee, Ee
being the band edge of the first excited band of the nanorib-
bon leads, where there is only one channel available for con-
duction. In this low-energy region, we know that the eigen-
states of graphene nanoribbons may be understood within a
continuum approximation �the Dirac equation� when appro-
priate boundary conditions are adopted,5 so that a description
involving matching of these wave functions at junctions be-
comes possible. As we will discuss in detail, these geom-
etries produce quite different transmission behavior at low
energies. This suggests the prospect of using different types
of junctions to tailor transmission through a set of graphene
nanoribbons.

To understand why the geometry is crucial, at low ener-
gies we may adopt wave functions for armchair ribbons ob-
tained from solutions to the Dirac equation,5 and consider
how they might be appropriately matched at a junction. We
focus on armchair nanoribbons whose widths are chosen so
that they are metallic.5 A “mode-matching” procedure may
be formally developed11 to compute conductance properties
of the system. This becomes particularly simple when only
the lowest energy transverse modes are retained—the
“single-mode approximation” �SMA�.

In the simplest case, the 120° junction �see Fig. 1�, we
shall see that in the zero energy limit, incoming and outgoing
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modes can be matched up perfectly at the junction, so that at
low energies the electrons are maximally transmitted. By
contrast, passage through a short length of zigzag ribbon
�Fig. 2� involves intermediate transverse states that are
strongly localized to the edges, which become orthogonal to
those in the armchair leads very close to zero energy. This
implies blocked transmission in a narrow range of energies
near zero. Transmission through an equilateral triangle with
two attached armchair leads may be viewed as a special case
of this class of geometries.

A closely related geometry is transmission through an
equilateral triangle with three leads. Here the system may be
constructed from three appropriately cut armchair leads as
illustrated in Fig. 3. As we will show in detail for this case,
rapid oscillation of the fast component of the wave function
makes the transmission very sensitive to the precise way in
which these armchair leads are connected to the triangle, so
that one may obtain either large or vanishingly small conduc-
tance in the low-energy limit. This sensitivity to the geom-
etry is ubiquitous for such graphene nanostructures, suggest-
ing that a wide variety of conductance properties can in
principle be engineered into very similar geometries.

The SMA thus leads one to expect qualitatively different
conductances for 120° armchair junctions at low energies,
depending on precisely how they are joined. We have tested
these expectations using a tight-binding model12 for the rib-
bons and the regions joining them. Again, the simplest case
is the 120° junction between two armchair nanoribbons. An
example of a specific connecting geometry and its associated
low-energy conductance, computed in a tight-binding model
for ribbons of conducting width, is illustrated in Fig. 4. In
agreement with the SMA result, one obtains almost perfect
transmission at low energies, nearly to the bottom of the first
excited transverse subband energy.

Figure 5 illustrates a typical result for two leads joined
through an equilateral triangle. As suggested by the SMA,

the conductance is now suppressed near zero energy, but
only over a very narrow range. Tight-binding studies of
analogous geometries in which armchair leads are connected
by short zigzag ribbons give similar results at low energies.
One may also compute the conductance through 120° when a
third lead is added to the equilateral triangle. The results of
such calculations are illustrated in Figs. 6 and 7. In the
former case, for which the leads are attached to the triangle
at their widest cross-sectional widths, one finds a highly sup-
pressed conductance at low energy. The latter case has the
leads attached to the triangle at their narrow cross section
and the resulting conductance is large at low energy. We shall
see both these results may be understood from the SMA as
special cases of the geometry illustrated in Fig. 3. Thus, the
mode-matching procedure appears to offer a useful frame-
work for understanding conductance in such geometries.

The tight-binding calculations also allow us to examine
the conductance at higher energies, as well as to consider
other geometries. Here we summarize a few results from
such studies, and give further details later on. �1� Transmis-
sion studies through hexagons with armchair leads reveal
low-energy conductances that are also suppressed at low en-
ergies for 120° transmission. However, in this case the sup-
pression is quite dramatic throughout the lowest subband.
Conductances per spin through 60° and 180° is a finite frac-
tion of e2 /h in the lowest subband. �2� At higher energies, we
find in all of the geometries considered that the transmission
as a function of energy approximately follows the density of
states for bulk graphene, provided the ribbon widths are large
enough. However, very close to the energy of the Van Hove
singularity we find a strong suppression or enhancement of
the conductance depending on the angle between the leads.
�3� 120° zigzag ribbon junctions have a more complicated
evolution with increasing ribbon width than their armchair
cousins. Most notably, very close to zero energy the conduc-
tance oscillates between large and small values as the ribbon
width is incremented by a single unit, reminiscent of recent
results for p-n junctions of zigzag ribbons.13

The remainder of this paper is organized as follows. In
Sec. II, we discuss the mode-matching analysis in more de-
tail and explain how the SMA leads to the expectations de-
scribed above. Section III is devoted to describing the nu-
merical methods used to compute the conductance through
the various geometries in the tight-binding model. In Sec. IV
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FIG. 3. Schematic diagram of an equilateral triangle with three
armchair leads, in which the triangle is taken as an “end cap” for the
vertical lead. Coordinates for the three sections illustrated. Wave
functions must be matched along the two solid lines of the triangle.
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FIG. 1. Schematic diagram of a 120° junction, illustrating the
coordinate systems for the two ribbons ��x1 ,y1� and �x2 ,y2��. The
surface at which the two nanoribbons are joined is the solid vertical
line.

A
rm

chair

x
1

y
1

y
2

x
2

x
3

y
3

Zigzag

Zigzag

A
rm

chair
A

rm
chair

A
rm

chair

FIG. 2. Schematic diagram of a 120° armchair junction, in
which electrons pass through a length of zigzag ribbon. Coordinates
for the three sections illustrated. Wave functions must be matched
along the two solid lines connecting the armchair ribbons to the
zigzag ribbon.
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FIG. 4. Conductance per spin of 120° bends in armchair nanoribbons having N transverse channels. �a� N=5, �b� N=8, �c� N=11, �d�
Geometry for N=8.
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FIG. 5. Conductance per spin of triangles with two armchair nanoribbon leads having N transverse channels. �a� N=5, �b� N=11, �c�
N=14, �d� Geometry for N=8.
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FIG. 6. Conductance per spin of triangles with three armchair nanoribbon leads having N transverse channels, with ribbons connecting
to the triangle along their wider cross section. �a� N=5, �b� N=8, �c� N=11, �d� Geometry for N=8.
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FIG. 7. Conductance per spin of triangles with three armchair nanoribbon leads having N transverse channels, with ribbons connecting
to the triangle along their narrower cross section. �a� N=5, �b� N=8, �c� N=11, �d� Geometry for N=8.
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we provide further details of our numerical results. Finally,
we conclude in Sec. V with a summary of our results.

II. MODE-MATCHING ANALYSIS

The conduction properties of electron systems in which
current is injected into and removed from a region with a
defined shape and potential, through infinite leads with
known cross sections, can be understood by exploiting their
analogy with electromagnetic waveguides.11 A conceptually
simple approach to their analysis is to divide the system into
components where the wave functions may be computed
with appropriate boundary conditions, and then “stitch” the
wave functions together at the boundaries by matching their
amplitudes and, in the case of wave functions controlled by
the Schrodinger equation, their derivatives. Such calculations
are made analytically tractable by employing the SMA, in
which only the lowest subband of the external leads is re-
tained, which produces qualitatively and often quantitatively
good results provided one works away from scattering reso-
nances of the system.11 A similar strategy may be employed
to understand our low-energy numerical results for systems
with armchair leads.

The simplest case to consider is the 120° junction be-
tween two armchair ribbons illustrated in Fig. 1. The geom-
etry is divided into regions 1 and 2 with corresponding wave
functions ��1� and ��2� and coordinate systems �x1 ,y1�,
�x2 ,y2�. At low energies one may write down approximate
forms for the ribbon eigenstates.5 For momentum p these
have the form

�px,py

�i� �xi,yi� =
1

�2W�� 1

px + ipy

p
	eiK·rieipxxi

− � 1

px + ipy

p
	eiK�·rie−ipxxi
eipyyi, �1�

where the upper �lower� entry represents the amplitude on
the A �B� sublattice, W is the ribbon width, the ri= �xi ,yi�
represent the positions of lattice points on the two ribbons,
K= �− 4�

3a ,0�, K�= � 4�
3a ,0�, and a is the lattice constant. The

value of px must be chosen such that the total amplitude at
the edges of the ribbons vanishes, hence px→pn comes in
quantized values.5 For metallic ribbons, the lowest subband
satisfies pn=0=0. These wave functions have energy �
=vF�p�, where vF is the speed of electrons near the Dirac
points. Due to particle-hole symmetry, we restrict our analy-
sis to ��0, setting �=EF for the determination of the con-
ductance at zero temperature.

A general wave function in which current is injected only
from the left in the lowest subband �0���vFp1� may be
written in the form14

��1� = A0�pn=0,py

�1� + �
n

Bn
�1��pn,−py

�1� �2�

��2� = �
n

Bn
�2��pn,py

�2� . �3�

The B�i� coefficients are determined in terms of A0 by match-
ing the wave functions, for both sublattices, on the solid line
shown in Fig. 1. The conductance per spin is then given by
G= e2

h ��B0
�2��2 / �A0�2�.

To carry out this procedure, one must first specify a set of
matching conditions at the joining surface that guarantees
continuity of the wave functions and the current across the
junction. One possible choice is illustrated in Fig. 8, where it
is now convenient to change notation slightly and refer to
wave functions � ,�� and coordinates �x ,y�, �x� ,y�� in re-
gions 1 and 2, respectively. Equating � to �� on the joining
line �open and closed circles� guarantees continuity of the
wave functions. Matching currents across these junction
points can be more complicated because this in general in-
volves products of wave functions on either side of a bond.15

However we can greatly simplify the latter matching condi-
tion by anticipating the SMA, for which we will use the
wave functions of Eq. �1�, which vanish on the open circles
in Fig. 8 for the lowest subband. Thus one only need match
the currents on the bonds connecting the closed circles to the
triangles. This may be accomplished straightforwardly by
matching the wave functions on the triangles as well. We
focus on the zero energy transmission and take the py→0
limit. The resulting matching conditions may now be written
explicitly in the form

1'3'5'7' 2'4'6'

1

3

5

7

2

4

6

FIG. 8. Diagram detailing the joining surface between leads for
the simple 120° bend, as well as the labeling scheme for x and x�
coordinates. Matching the wave function on the dark circles and
triangles accounts for current continuity across the joining surface.
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�0,0
�A��x = 1,y� = �0,0

�B���x� = 1�,y�� ,

�0,0
�B��x = 2,y� = �0,0

�A���x� = 1�,y�� ,

�0,0
�B��x = 3,y� = �0,0

�A���x� = 3�,y�� ,

�0,0
�A��x = 4,y� = �0,0

�B���x� = 4�,y�� ,

�0,0
�B��x = 5,y� = �0,0

�A���x� = 4�,y�� ,

�0,0
�B��x = 6,y� = �0,0

�A���x� = 6�,y�� ,

�0,0
�A��x = 7,y� = �0,0

�B���x� = 7�,y�� ,

�0,0
�B��x = 8,y� = �0,0

�A���x� = 7�,y�� ,

�0,0
�B��x = 9,y� = �0,0

�A���x� = 9�,y�� ,

] �4�

where the x and x� labels are defined in Fig. 8.16,17 Simple
phase factors may be added to these matching conditions to
generalize them for the case py �0.

Equation �4� is a realization of setting Eq. �2� to Eq. �3�
on the joining surface. To proceed, we wish to represent the
wave functions on the matching points in an expansion in
terms of wave functions of the form in Eq. �1�. Formally, this
is accomplished by multiplying these equations by
�pn�,py�

�2�� �x ,y�, and then integrating �x ,y� on the joining surface,

i.e., summing over the points where the wave functions have
been matched. �Note py� is chosen such that vF

2�pn�
2+ py�

2�
=�2.� This results in a set of equations relating the A0 and B�i�

amplitudes. A second set of equations may be generated by
multiplying the matching equation by �pn�,py�

�1�� �x ,y� and inte-

grating on the joining surface. The two sets form an in prin-
ciple infinite dimensional matrix equation that relates the B�i�

coefficients to A0.
Carrying out this procedure is vastly simplified by adopt-

ing the SMA, in which only the lowest transverse mode, pn
=0, is retained in the matrix equation.11 To demonstrate the
perfect transmission at low energy in the junction illustrated
in Fig. 1, it is convenient to consider the reflection amplitude
in the SMA. This is proportional to the integral

M0,0�py� �  d��0,−py

�1�� �x���,y�����0,py

�1� �x���,y���� , �5�

where � parametrizes the joining surface. From Fig. 8 one
may see that the positions denoted as x� ��=n� �� demarcate
increments of length a /2. The meaning of the formal expres-
sion �Eq. �5��, using Eq. �1�, then takes the form

M0,0�py = 0� � �
n
��exp�− i

2�

3
�3

2
n +

1

2
��

− exp�i
2�

3
�3

2
n +

1

2
���2�−�exp�− i

2�

3
�3

2
n + 1��

− exp�i
2�

3
�3

2
n + 1���2

+ �exp�− i
2�

3
�3

2
n +

3

2
��

− exp�i
2�

3
�3

2
n +

3

2
���2

= 0. �6�

That M0,0�py� vanishes in the limit py→0 indicates an
absence of backscattering as �→0, and hence perfect trans-
mission in this limit. One may also compute the correspond-
ing overlap on the joining surface for transmission and con-
firm that it has a magnitude of unity. Deviations from this are
of order �pyW�2, so that these become significant when py

�1 /W, which occurs at an energy of the same order as the
bottom of the first excited subband. Thus for energies well
below this, we expect the transmission to be very close to
unity. This behavior is confirmed by the tight-binding calcu-
lations.

This behavior seems dramatically different from the naïve
expectation discussed in Sec. I that the interchange of the K
and K� valleys might lead one to expect a 60° deflection of
the electron trajectory to be suppressed. The mode-matching
procedure, however, demonstrates that only the overlap on
the joining surface need be considered, and because this in-
volves a small subset of lattice points, destructive interfer-
ence between the rapidly oscillating parts of the wave func-
tion may not be realized.

A second example of this procedure may be considered
for the geometry illustrated in Fig. 2, in which two armchair
leads are joined at the two solid lines to a short length of
zigzag nanoribbon. Traversal through the equilateral triangle
with two leads may be thought of as a special case of this
geometry, with the shortest possible zigzag ribbon. Approxi-
mate wave functions �pn,py

�3� �x3 ,y3� for the zigzag ribbon re-
gion may be developed.5 These are more complicated than
the armchair forms, in that both pn and py vary as � varies, so
that the transverse wave functions vary with � even within a
single subband. At energies close to zero, this variation be-
comes quite pronounced in that the wave functions become
highly localized at the zigzag ribbon surfaces.18

One may develop an explicit expression for the transmis-
sion amplitude for this geometry, within the single-mode ap-
proximation, in terms of the overlap integrals on the two
junctions.19 The result is proportional to the product of the
overlap integrals on each of the joining surfaces, N0,0

�i� �py , py��,
with

N0,0
�1��py,py�� = d�1�0,py

�1���x��1�,y��1���p0,py�
�3� �x��1�,y��1�� ,

�7�
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N0,0
�2��py,py�� = d�2�p0,py�

�3�� �x��2�,y��2���0,py

�2� �x��2�,y��2�� .

�8�

In these integrals, �1 and �2 parametrize the left and right
surfaces in Fig. 2, 	p0��� is the transverse momentum from
which the lowest zigzag transverse state is made up,5,20 and
�2=vF

2 py
2=vF

2�p0
2+ py�

2�. The important observation in this
case is that, at low energy, the states of the zigzag ribbon �
become confined to the surfaces, with a length scale 
��� that
vanishes rapidly at low energy in the continuum description.5

Since the lowest transverse state of the armchair ribbon re-
mains spread throughout the ribbon cross section, one may
see N0,0

�i� ��
��� /W, and the resulting conductance will be-
have as G��
��� /W�2. This means the conductance per spin
is suppressed near zero energy, but can rise to a value of
order e2 /h once � is above the range of energies where zig-
zag ribbons support surface states. The resulting conductance
is suppressed in a narrow range near zero energy.

As a final example, we consider the three-lead equilateral
triangle geometry. The SMA has a form identical to the case
of the zigzag ribbon described above, with the overlap inte-
grals now performed on surfaces joining armchair ribbons.
Unlike the above two examples, the surface is oriented at
different angles with respect to the cross sections of the two
ribbons, as illustrated in Fig. 3. In this case the two integrals

Ñ0,0
�1,2� whose product is proportional to the transmission am-

plitude involve a product of wave functions whose fast com-
ponents vary at different rates as one moves along the joining
surface. The resulting overlaps are very sensitive to the pre-
cise way in which the leads are joined to the triangle.

Figure 9 details a joining surface for the geometry of Fig.
6. Note in this case that the ribbons are joined along zigzag
edges, so that the matching of both wave functions and cur-
rents is easily accomplished. Denoting the wave function in

the lower lead by �0,py

��� �x ,y� and the one in the upper left lead

by �0,py

�����x� ,y��, with �=A ,B, we find the matching condi-
tions for py =0 to have the form

�0,0
�A��x = 1,y� = �0,0

�A���x� = 1�,y�� ,

�0,0
�B��x = 2,y� = �0,0

�B���x� = 2�,y��

�0,0
�A��x = 3,y� = �0,0

�A���x� = 2�,y�� ,

�0,0
�B��x = 4,y� = �0,0

�B���x� = 3�,y��

�0,0
�A��x = 5,y� = �0,0

�A���x� = 3�,y�� ,

�0,0
�B��x = 6,y� = �0,0

�B���x� = 4�,y��

] �9�

The overlap between the incoming state from the bottom
lead and the outgoing state from the upper left lead, using
Eq. �1�, has the form

Ñ0,0
�1� �

1

W
�

n
��exp�− i

2�n

3
� − exp�i

2�n

3
��

��exp�i
4�

3
�n +

1

2
�� − exp�− i

4�

3
�n +

1

2
���

− �exp�− i
2�

3
�n + 1�� − exp�i

2�

3
�n + 1���

��exp�i
4�

3
n� − exp�− i

4�

3
n��� . �10�

The upper line in Eq. �10� is due to the overlap of the wave
functions on the A sites, while the lower line comes from the
B sites. Multiplying out the square brackets generates terms
which are either independent of the integer n or oscillate in n
with period 3. One finds that the nonoscillating terms from
the upper and lower lines precisely cancel. The remaining
rapidly oscillating terms vanish in the sum provided the
maximum value of n is a multiple of 3, and in any case give
vanishing contribution as the ribbons become wide �W
→�. The cancellation of the nonoscillating terms indicates
a complete destructive interference between incoming and
outgoing waves for the two arms of the triangle at low en-
ergy, as one might have naïvely supposed. With no overlap at
the joining surface, the conductance should vanish at zero
energy.

The other simple geometry for joining the ribbons to the
triangle is detailed in Fig. 10. In this case the matching con-
ditions take the form

�0,0
�A��x = 1,y� = �0,0

�A���x� = 1�,y�� ,

�0,0
�B��x = 2,y� = �0,0

�B���x� = 1�,y��

�0,0
�A��x = 3,y� = �0,0

�A���x� = 2�,y�� ,

2 4 61 3 5 7 � X

2'

4'

6'

1'

3'

5'

7'

�
X'

A site
B site

FIG. 9. Diagram detailing the joining surface between the lower
lead and the upper left lead, for an equilateral triangle with three
leads, and the leads attached to the triangle at the wider point in
their cross section.

CONDUCTANCE THROUGH GRAPHENE BENDS AND POLYGONS PHYSICAL REVIEW B 78, 235411 �2008�

235411-7



�0,0
�B��x = 4,y� = �0,0

�B���x� = 2�,y��

�0,0
�A��x = 5,y� = �0,0

�A���x� = 3�,y�� ,

�0,0
�B��x = 6,y� = �0,0

�B���x� = 3�,y��

] �11�

and the corresponding overlap sum is now

Ñ0,0
�1� �

1

W
�

n
��exp�− i

2�n

3
� − exp�i

2�n

3
��

��exp�i
4�

3
�n +

1

2
�� − exp�− i

4�

3
�n +

1

2
���

− �exp�− i
2�

3
n� − exp�i

2�

3
n��

��exp�i
4�

3
n� − exp�− i

4�

3
n���

=
1

W
�

n
�− 2 cos�2�

3
� + 2 + �oscillating terms�� .

�12�

We see that the slight shift in positions of the B sites
where the wave functions are matched in Eq. �11� leads to an
extra phase factor, such that the A and B overlaps no longer

cancel. Thus Ñ0,0
�1� is relatively large in this case and we ex-

pect a correspondingly large transmission.
We next turn to our numerical studies, which, as discussed

in Sec. I, essentially confirm the expectations of the SMA.

III. MODEL AND NUMERICAL METHOD

Our calculations are based on a simple tight-binding
model of graphene, in which only nearest-neighbor hopping
is included. Formally the Hamiltonian may be written as

H = − t �
�RiRj�

��Ri��R j� + �R j��Ri�� , �13�

where t is the nearest-neighbor hopping matrix element and
�RiR j� denotes bonds on a honeycomb lattice with bound-
aries defined by the polygon of interest and the attached
leads. An example of a hexagonal scattering region with at-
tached leads is illustrated in Fig. 11.

It is convenient to divide the lattice into three regions, L,
R, and C, consisting of the “left” lead, “right” lead, and
“central” region, respectively.21 In the case of armchair rib-
bon leads, we accomplish this by breaking Q parallel bonds
on each side so that L and R are periodic semi-infinite struc-
tures. This division and the labeling scheme for sites on the
region boundaries are illustrated in Fig. 12. The Hamiltonian
�13� can likewise be divided into respective pieces HL, HR,
and HC, plus terms which describe hopping between the
three regions:

H = HC + HL + HR − t�
�=1

Q

��r�
L��s�

L � + �r�
R��s�

R� + H.c.� .

�14�

The conductance between a pair of leads in such a struc-
ture can be calculated from the Kubo formula,22 which re-
lates the linear electromagnetic response to a correlation
function between zero-field current operators. In our calcu-
lation these operators correspond to the total current flowing
through the L and R leads. Current conservation implies that
the flux of a time-independent current through a lead is the

2 4 61 3 5 7 � X

2'

4'

6'

1'

3'

5'

7'

�
X'

A site
B site

FIG. 10. Diagram detailing the joining surface between the
lower lead and the upper left lead, for an equilateral triangle with
three leads, and the leads attached to the triangle at the narrower
point in their cross section.

FIG. 11. Hexagon with six leads.
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same everywhere along its length. It is convenient, then, to
measure the current precisely where each lead joins the cen-
tral region by defining the current operators

JL � + i�
�=1

Q

��r�
L��s�

L � − �s�
L��r�

L �� , �15�

JR � − i�
�=1

Q

��r�
R��s�

R� − �s�
R��r�

R�� . �16�

The Kubo formula leads to a well-known23 transmission
formula for the conductance per spin. With the above choice
of current operators, this formula takes the form

G =
e2

2h
Tr�t̂LR

† t̂LR + t̂RL
† t̂RL� , �17�

where t̂LR�RL� is the Q�Q matrix of amplitudes for the trans-
mission of states at the Fermi energy EF from the L to R �R
to L� boundaries. In the case of time-reversal symmetry,
t̂LR= t̂RL

† .
The transmission matrix is easily expressed using the

Green’s functions for the separate regions, denoted GL, GR,
and GC, as well as the Green’s function G for the fully joined
lattice, evaluated on the boundary points r�

L�R� and s�
L�R�. We

define the Q�Q matrices

G��,���� � �s�
���EF + i� − H�−1�s�

�� , �18�

GC��,���� � �s�
���EF + i� − HC�−1�s�

�� , �19�

G��
L � �r�

L ��EF + i� − HL�−1�r�
L� , �20�

G��
R � �r�

R��EF + i� − HR�−1�r�
R� , �21�

where �EF+ i�−H�−1, for example, represents an operator in-
verse, � ,�� �L ,R�, and � ,�� �1, . . . ,Q�. Ideally, �→0+,
but for numerical calculations it is necessary to choose a
small ��0 which in effect becomes the energy resolution of
the computation. Our calculations are carried out with �
=10−6t.

With these definitions, we have, in abbreviated hat nota-
tion for the Q�Q matrices,

t̂LR = v̂R
1/2Ĝ�R,L�v̂L

1/2, �22�

v̂L � i�ĜL − ĜL†� , �23�

v̂R � i�ĜR − ĜR†� . �24�

Schematically, this formula shows that the transmission am-
plitude is given by the propagator from the left to right side
of the central region, with the v̂L�R� velocity matrices24 nor-
malizing the nanoribbon states to unit flux. The problem is

now reduced to computing ĜL, ĜR, and ĜC�� ,��. Standard
gluing formulas25 for noninteracting Green’s functions can

be used to obtain Ĝ�R ,L� from these three.

For our geometries, ĜL�R� is the Green’s function of a
semi-infinite nanoribbon evaluated at its termination. We find
that a long finite ribbon segment can provide a satisfactory
approximation.26 We start with a direct calculation of the
Green’s function on the boundary of a single nanoribbon unit
cell and then rapidly extend to a nanoribbon segment of 2l

unit cells by l successive length-doubling gluing operations.
We find this approximation to be valid within the energy
resolution of the calculation when 2l� t /�.

For ĜC, we first suppose that the geometry has only two
leads and thus the region C is a finite lattice. Rather than
directly perform the matrix inversion �EF+ i�−HC�−1, we
achieve significant computational savings by computing GC

only on the required boundary points.27 In the case of more

than two leads, ĜC can be found by gluing the Green’s func-

tions for the additional leads �computed analogously to ĜL�R��
to the Green’s function of the finite scattering region. This
procedure correctly accounts for current which “lost” to one
of the additional leads.

We have tested our numerical techniques by joining two
semifinite ribbons to a “central region” consisting of a single
nanoribbon unit cell. We verify that the resulting conduc-
tances and Green’s functions reproduce the well-understood
properties5 of infinite nanoribbons. Nanoribbons may be
characterized by the number N of conducting channels. The
integer N gives two related properties of the ribbon: �1� the
minimum number of severed bonds required to break the
ribbon into two disconnected pieces �as in Fig. 13� and �2�
the maximum possible value of G, the conductance per spin,

L C R

s R
2rL

1 rL
5rL

4rL
3rL

2 s L
1s L

2s L
3s L

4s L
5 s R

3 s R
5s R

4s R
1 rR

2rR
3rR

5 rR
4 rR

1

boundary boundary

FIG. 12. Conceptual division of the geometry into regions C, L,
and R, illustrating the lattice point labeling scheme at the bound-
aries, which are denoted by vertical dashed lines. This example has
symmetric armchair ribbons with N=4, and the boundary is chosen
such that Q=5.

FIG. 13. Symmetric armchair, asymmetric armchair, and zigzag
ribbons with N=4. The dashed line cuts through four bonds of each
ribbon, the minimal number required to sever each into two discon-
nected pieces. Heavy vertical lines indicate rows of fictive lattice
points along which the wave function vanishes for the armchair
nanoribbons.
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in units of the conductance quantum e2 /h. Armchair nano-
ribbons have associated with them two lines of fictive lattice
points �just outside the actual ribbon edges� separated by a
width La �see Fig. 13� on which the wave function vanishes.
When the ribbons possess a reflection symmetry through the
center, N=L−1, and otherwise N=L−1 /2. In either case, the
ribbon is semiconducting �i.e., there is a gap in the spectrum
around zero energy� unless sin�4�L /3�=0. Thus, symmetric
armchair nanoribbons are metallic only for the series N
=2,5 ,8 , . . . and the asymmetric ribbons for N
=1,4 ,7 ,10, . . .. Zigzag ribbons are metallic for any value of
N.

We have compared the conductance of these various types
of ribbons as a function of EF with their band structure. We
find, as expected, a contribution to G�EF� of e2 /h for each
band present at EF, with the exception of the flat bands28 in
symmetric armchair ribbons at energies 	t. We also verify
the linear dispersion of the metallic band in armchair nano-
ribbons with velocity vF=�3ta /2, as well as the maximum G
values and metallic N sequences discussed above.

IV. NUMERICAL RESULTS

A. Armchair lead systems: 120° junctions and triangles

Our low-energy result for the simple junction for armchair
leads at low energy was discussed in Sec. I, and is illustrated
in Fig. 4. One clearly sees that the transmission is essentially
perfect, with a small suppression just below the first excited
subband energy. The behavior appears to be well explained
by the SMA. The 120° junction also naturally occurs in an
equilateral triangle with two leads, as illustrated in Fig. 5�d�.
As has already been explained, at low energies one finds
suppression of the conductance in a narrow range around
zero energy.

We discuss more fully the example of the three-lead tri-
angle geometry illustrated in Fig. 6�d�. Because of the sym-
metry of this geometry, the two point conductance is the
same for any pair of the three leads. Figure 14 illustrates the
conductance for three different system sizes as a function of
Fermi energy EF over the entire bandwidth. One may see that
the overall shape of the conductance curve roughly tracks the
density of states for bulk graphene, with peaks at the Van
Hove singularities EF= t, where t is the hopping matrix ele-
ment. The bumps and wiggles around this are due to changes
in the number of conducting channels as the Fermi energy is
increased, as well as to quantum interference in the scattering
region.12

The low-energy region of conductance for different sys-
tem sizes may also be considered. In Fig. 15 we blow up the
low-energy region for three different system sizes. The cases
N=13 and N=15 as expected reveal no conduction at low
energies, since there are no conducting states to carry current
through the leads. The metallic state for N=14, by contrast,
allows a finite conductance, but one may see that its actual
value is remarkably small at very low energy. One may ex-
amine this behavior with increasing N, and not surprisingly
the pattern of near suppression for system sizes of the form
N=3M +2, and complete suppression for other sizes, repeats
itself. When viewed as a function of EF /Ee, which fixes the
position of the opening of the first excited subband as N
becomes large, the conductance in the lowest subband tends
to a roughly parabolic shape, very small but remaining finite
away from EF=0 as N→. This represents the continuum
limit, in which the width W of the ribbons remains finite, and
the lattice constant a is taken to zero. The increase from zero
of the conductance as the energy increases from zero is in
agreement with the results of the SMA, but we note that the
vanishing conductance for these widths requires the joining
geometry illustrated in Fig. 9. As discussed in Sec. I, a join-
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FIG. 14. Conductance per spin through an equilateral triangle with three armchair leads of sizes �a� N=5, �b� N=10, and �c� N=15.

IYENGAR et al. PHYSICAL REVIEW B 78, 235411 �2008�

235411-10



ing geometry of the form illustrated in Fig. 10 leads to a
nonvanishing conductance �Fig. 7�, in agreement with the
SMA analysis.

B. Transmission through a hexagon

We next consider the case of a hexagon with six attached
leads as illustrated schematically in Fig. 11. The conductance

per spin is illustrated for the full bandwidth in Figs. 16–18.
Here we must specify the angle between the two leads upon
which the measurement is made. Figure 16 corresponds to a
60° angle between leads, Fig. 17 to 120°, and Fig. 18 to
180°. Several remarks are in order. As in the equilateral tri-
angle, the overall structure of the conductance follows the
density of states for bulk graphene. However, as the size of
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FIG. 15. Conductance per spin in the low-energy region for an equilateral triangle with three armchair leads. �a� N=13, �b� N=14,
�c� N=15.
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FIG. 16. Conductance per spin for two leads at an angle of 60°, through a hexagon with six armchair leads. �a� N=5, �b� N=15,
�c� N=20.
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the system increases it is apparent that there is a remarkably
sharp suppression for transmission through 60° and 180°,
and a strong enhancement for transmission through 120°, at
the Van Hove singularity, EF / t=1. The rapid change in re-
sistance with respect to Fermi energy suggests that this phe-
nomenon could in principle be useful as a transistor, al-
though the relatively high Fermi energy where it occurs may
require a large electric field to realize. Beyond this, it is also

noteworthy that the overall scale of transmission through
120° is significantly larger, and seems to grow more quickly
with system size, than for the other two directions.

The conductance at low energy for this geometry is illus-
trated in Fig. 19 for N=20, for conductance through each of
the three angles. A suppression of 120° transmission is ap-
parent, and in this case it is in fact much more pronounced
throughout the first subband than is the case for the equilat-
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FIG. 17. Conductance per spin for two leads at an angle of 120°, through a hexagon with six armchair leads. �a� N=5, �b� N=15,
�c� N=20.
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FIG. 18. Conductance per spin for two leads at an angle of 180°, through a hexagon with six armchair leads. �a� N=5, �b� N=15,
�c� N=20.
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eral triangle. Indeed, in studies of hexagons with only three
or two leads, we find the 120° transmission to be even more
suppressed throughout the lowest subband than in the six-
lead case. This suggests the hexagon may be useful in three
terminal devices where one may wish to employ one lead as
a voltage probe without draining current flowing between
other leads.

C. Zigzag nanoribbon junctions

We conclude this section with a summary of analogous
results for a 120° zigzag nanoribbon junction. Like armchair
ribbons, zigzag ribbon widths may be characterized by the
minimum number of broken bonds N required to sever it, as
illustrated in Fig. 13. Unlike armchair ribbons, zigzag rib-
bons are metallic for any width.5 At low energies the current-
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FIG. 19. Conductance per spin for two leads at an angle of �a� 60°, �b� 120°, and �c� 180° through a hexagon with six N=20 armchair
leads.

FIG. 20. Transmission through 120° bend for zigzag ribbons. �a� N=6, �b� N=7, �c� N=8. �d� Geometry for N=8.
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carrying states have an interesting chirality in that left- and
right-moving states are associated with different valley
indices.29 It should be emphasized that the association of this
discrete index can only be made precise in a continuum de-
scription. All the geometries considered below may always
be understood in terms of semi-infinite ribbons joined to-
gether at boundaries on the lattice scale. Because the lowest
energy states of zigzag ribbons are highly confined to the
edges of the system, a pure continuum description is inad-

equate even at the lowest energies. Similar physics has been
noted recently in graphene p-n junctions.13

This physics is most clearly seen in 120° zigzag junctions.
Figure 20 illustrates the transmission for this geometry for
ribbon widths N=6, 7, and 8. At very low energies, there is a
qualitative difference between odd and even width ribbons,
with the former supporting a large conductance at zero en-
ergy and the latter a small one. Such odd-even behavior also
occurs in p-n junctions, and appears to be related to the fact

(a) (b)

(c) (d)

FIG. 21. Local density of states �LDOS� shown in grayscale for 120° zigzag junction, N=6. Black denotes zero, and white denotes
maximal LDOS. The leads modeled in the calculation extend away from the junction to infinity. �a� EF /EE=0.016, �b� EF /EE=0.016, �c�
EF /EE=0.49, �d� EF /EE=0.82.
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that edges in a zigzag ribbon align when N is even, but
antialign for odd N.13,30 Even at higher energies, but still
within the lowest subband, the conductance as a function of
energy appears to change qualitatively from one width to the
next as N increments by single units.

The importance of lattice scale physics in this system is
further made apparent by an examination of the local density
of states at low energies. This is shown in Fig. 21 for a
junction of width N=6 at several energies below the first
excited subband energy. At low energies, while the wave
function is strongly maximized near the ribbon edges, the
junction can attain zero or perfect conductance, as is the case
in �a� and �b�, respectively. As the wave functions throughout
the first subband intimately involve the lattice scale, any con-
tinuum description for this system is not likely to be reliable.

V. CONCLUSION

In this paper we have studied the conductance of various
graphene geometries in which the current in a nanoribbon is
redirected through angles that are multiples of 60°, which
can be accomplished in the honeycomb network without in-
troducing lattice defects or changing the ribbon type. We
focus on the low-energy behavior in armchair nanoribbon
geometries and find a variety of behaviors including very
high transmission for a particular realization of a simple

120° junction and suppressed transmission for the same
angle when there is an intervening triangle. A mode-
matching analysis, within the SMA, allows one to under-
stand in a simple way many of these results. With this tech-
nique we demonstrate that the rapid oscillation of the low-
energy wave functions renders the conductance through such
junctions highly sensitive to the precise way in which the
ribbons are joined together. Tight-binding calculations sup-
port the conclusions of the SMA at low energies, and further
elucidate the details of the conductance at higher energies.

We also presented numerical results for conductance
through other geometries. Hexagons in particular showed a
dramatic suppression of conductance through 120°, and fur-
ther supported a strong enhanced or suppressed conductance
�depending on the angle between the leads� at the Van Hove
singularity. Zigzag nanoribbon junctions were also studied
and were found to have a richer behavior than their armchair
cousins, which is likely to require a more microscopic de-
scription than is possible in a continuum model.
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